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Loop-Erased Self-Avoiding Random Walk
in Two and Three Dimensions
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If ${n) is the position of the self-avoiding random walk in Z¢ obtained by
erasing loops from simple random walk, then it is proved that the mean square
displacement E(|S(n)|2) grows at least as fast as the Flory predictions for the
usual SAW, i.e., at least as fast as #*?2 for d=2 and »n%° for d =3. In particular,
if the mean square displacement of the usual SAW grows like #n'1%- in d=3, as
expected, then the loop-erased process is in a different universality class.

KEY WORDS: Seclf-avoiding random walk; loop-erased walk; Laplacian
random walk; polymer models; Flory exponents.

1. INTRODUCTION

A self-avoiding walk (SAW) of length n on the integer lattice Z¢ is an
ordered sequence of points [x,=0,.., x,] with |x,—x, ,|=1 and x,;# x,
for i+ j. The study of SAWs arose in the study of polymer chains, and
since has been of interest in mathematical physics. The first theoretical
study of such walks dates back to Flory (sec Ref 3 and references therein
for early heuristic and numerical work), who produced a nonrigorous
argument to suggest

YD o123
2N\ A~ n ’ s &
Iy~ i (1)

b

Here {-) denotes expectation with respect to the uniform or counting
measure on SAWs. In d=4, a logarithmic correction was predicted.
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After considerable heuristic and numerical work, the expected
behavior of {|x,|?) is: n*? for d=2 (as Flory predicted); n''®- for d=3 (a
little lower than Flory’s prediction); for d=4, n(logn)®, where a=1/4
according to a renormalization group calculation; and for d>4, n. For
d> 4, much progress has been made toward a rigorous proof.*!¥

In Ref. 5, I introduced a new measure on self-avoiding walks for d>3
by erasing the loops from the paths of simple (unrestricted) random walks.
The same process has recently appeared independently under the name of
Laplacian random walk.“"%!") For this process it was shown that for d> 4,
{x,1?> ~en,® and for d=4, (|x,|?) ~ b,n, where b, grows at least as fast
as (log n)'” but no faster than (log n)'/?, with (log n)'/* being the conjec-
tured growth rate.’® Comparing the d=4 result to the renormalization
group calculation shows that the loop-erased process grows faster than the
conjectured rate for the usual SAW. Here we discuss the loop-erased
process for d=2, 3 (the definition will have to be modified for d=2) and
prove that the exponents for the loop-erased process must be at least as
large as the Flory exponents. More precisely, if S(n) denotes the position of
the loop-erased SAW at time n, then for every >0,

lim n(3D+E(Sn)) =00, d=2

n— oo

lim n=%*E(1S(n)?) =00, d=3

n— o0

In particular, for d =3 the mean square displacement of the process grows
faster than n''®-, the current predicted value for the usual SAW. It is quite
possible that the exponents for S will be larger than the Flory exponents.
In fact, numerical work on walks of a small number of steps by Lyklema
and Evertsz"" suggest a preliminary guess of about 1.6 for d=2. For
d=3, we expect that 1.2 will not be very far from the true exponent.

We now give a quick definition of the loop-erased process for d> 3
and show how to modify it for d=2. See Ref. 5 for details. Let S(n) be a
simple random walk in Z? (d>3) and let

r=min{j: 3i < j with S(i) = S(j)}
o = the i for which S(i) = S(1)

Then we send S(n) to the path

S(n), O<n<o

Sl(n)={S(n+(r—a)), g<n<ow
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S,(n) is a walk with one loop erased. We now perform the same process on
S1(n), producing a new walk S,(n) and keep going, letting
S(n)=lim S(n)
j—o @
The transience of the simple random walk in d> 3 allows us to make this

definition. It can be shown that this definition is equivalent to the walk
generated by assigning transition probabilities

P{S(”l +1)=x,, ,[S'(O)a’ S(l’l)] = [x05--» xn]}

=¢(x,,+1)/ Y a0y (12)

|y —xaf =1

where
D(y)=P {S(j) ¢ {X0s» X}, j=0,1,2,...}
For d=2, we define the loop-erased process by using a variant of (1.2). Let
D, (y)=P,{S() ¢ {x0s X,},j=0,1,2,.., m}

It can be shown™® that for any finite set 4 =7, x, y ¢ 4,

 PS()#A,j=0,.sm)
Jm P(SG)éA, j=0,.,m)

(1.3)

exists (assuming x and y are connected to oo). Hence we define the loop-
erased process for d=2 by the transition probability

P{S(n+1)=x,,[S(0),.., S(n)] = [Xgs, X, ]}
= lim [¢m(xn+1)/ 5 %(y)] (14)
oo |y — xnl =1

The above definition for d=2 is not very practical. We will use a
slightly different measure, suggested by an idea of Lyklema and Evertsz."'"
Let M be a (large) number and let

RMz {Z=(Zl’22)622: 'Zil <M}
ORy = {z€ R, y¢ Ry forsome y, |y —z[=1}

We can take simple random walks starting at the origin that end when they
reach 0R,,. On this finite path, we do loop-erasing, and produce a finite
self-avoiding walk of at least A steps. If n < M, we get a measure P, ,, on
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n-step SAWs. In Section 5 we show that if P, is the measure produced by
(1.4), then

B, (0)=P(@)[1+0(1/,/n)] (1.5)

where the O(-) term is uniform over all n-step SAWs w. Hence, in order to
estimate E(]S(n)|?) we can use P, rather than 2, (or in other words, n®
looks like co for an n-step walk).

In this paper, we will assume that the reader is familiar with basic
results about S(n), as developed in Refs. 5 and 6. If we define S(n) with a
finite cutoff, we get the same type of results with the natural modification
(see Ref. 10); for example, if » is fixed and we let

¢=¢,=inf{j>1:S(j)e R}

and consider the loop-erased process using finite walks stopped at time &,
we get the transition probability

P{S(m+1)=x,,,, |[S(0),.., S(m)] = [Xgsr X1}

=B, ) / T &) (16)

|y~ xml=1

where
D,(y)=P,{S()¢ {Xgpr X}, j=0, 1,.., £}

The remainder of this paper contains two independent parts. Section 2
gives a nonrigorous description of the problem, motivating the way in
which the Flory exponents arise. Readers not interested in mathematical
details may want to read this section only. The last three sections prove the
main result, Theorem 3.1. It is assumed that the reader has read the
previous work on the loop-erased process, in particular Sections 3 and 6 of
Ref. 5 and Section 2 of Ref. 6. The basic outline of the proof is given in Sec-
tion 3, reducing the problem to an estimate (3.1), which is proved in Sec-
tion 4. Some technical questions about the simple random walk in Z? are
discussed in Section 5: the justification that “a* = c0” for the self-avoiding
walk, ie., (1.5), is proven, as well as an estimate needed in Section 3.

2. NONRIGOROUS DERIVATION OF THE EXPONENT

Here we give an idea of how the Flory exponents appear for S(n). We
will leave out details and make no attempt to be mathematically rigorous.
We write f(n)=xg(n) if log f(n) and log g(n) are asymptotic. The key
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question to ask is how many of the first # points of a simple random walk
remain after loops have been erased. If we let t(n) denote the number of
points remaining, our goal is to find the « such that

E(t(n))~n* (2.1)
If (2.1) holds, then » points of a self-avoiding walk should correspond to
n'/* points of a simple random walk, ie.,

E(1S(n)|?) = E(1S(n"*)]?) ~ 0 (22)

If we let I, denote the indicator function of the event “the nth point is not
erased,” then (2.1) gives

E(I)~n*"! (2.3)
One can show that for d=2,

P{S(j)#S(k),0<j<n 2n<k<n*} ~(logn)~!
and for d>3,
P{S(j)#S(k),0<j<n2n<k<o}>2c>0

Hence we expect E(,,,) ~ E(I,), where I, ,, denotes the indicator function

of the event “the nth point is not erased by time 2n.”
We consider a simple random walk of length 2n and define

Lo=sup{j<2n: S(0)=S(j)}
and if L, <2n, we define L, ., by
Ly, =sup{j<2n: S(L,+1)=S()}
Let £ be such that L;=2n. Then

k
2n=L,+ .Z (Li—L; ;)

j=1
and the kth point of the corresponding SAW is S(L;). What we have done

is to split the walk into a sequence of loops with the property that the kth
loop does not intersect the set {S(Lg),.... S(Lp_1)}:

-

-~ VR
- ) / ]

~__" :\\. \
\ S(Lk-]'f]):S“_k)
S(Lo"‘]):S(L])

S(0)=5(L,)

Fig. I. The dotted lines represent erased loops. The solid line is the remaining SAW.

822/50/1-2-7
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We define p; by
po=Lo
and for j>0,
L,—L,_, if j=L,_,+1forsomek
= {0 otherwise
Clearly, E(3.,p,) = 2n~n or
E(p,)~1 (24)

We now try to estimate E(p,). If we erase loops from the path only
through time », we get a self-avoiding path starting at 0 and ending at S(n).
Let A, denote the (random) set of points in this path and 4, = 4,\{S(n)}.
Then p,#0 if and only if S(k)¢ A, n+ 1 <k<2n, and {p,=m+ 1} is the
set

{S(k)¢ A, n+1<k<2n; S(n+m)=S(n); S(k) # S(n), m+ 1<k <2n}

What is the probability of this set? It is standard that P{S(n+m)=
S(n)} ~m~%* The remaining conditions essentially require the path to
avoid A, three times

=
LN
-
\
\

n _———7

S(n)=S(n+m)

Fig. 2. The dotted lines represent the paths of S(k) for k>n. If p,# 0, then this does not
intersect A4, the SAW up to S(n).

[that is for small i, we need S(n+i)é¢Ad,, S((n+m)—i)¢Ad,, and
S((n+m)+i)¢ A,]. This suggests that given 4, a good estimate for the
probability would be (for m not too small)

m~2[F,(S(n), 4,)°] (2.5)

Here F,(x, A)=P . {S(j)¢A4, j=1,.,n}. We have clearly made only an
approximation to the probability, and making some of these ideas rigorous
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is the role of Lemma 4.1 of this paper. However, if we accept (2.5), we get
by summing that

E(p,|A,) =0~ P2[F,(S(n), 4,)°]
or
E(p,)=n*""E[F(S(n), 4,)’]
By (2.3), this is of order 1, so we get
E[F,(S(n), A,)>]~n%*=2 (2.6)
In this paper we prove one direction of (2.6),

E[F,(S(n), 4,)°1<n?72 (2.7)

but we conjecture, in fact, that (2.6) holds.

The quantity we are interested in is E([,,,), which is E(F,(S(n), 4,)).
It is not clear how to take the power outside of the expectation in (2.6); in
fact, we do not know (even from a nonrigorous point of view) whether

E[F,(S(n), 4,)’ 1~ {E[F,(S(n), 4,)1}’ (28)
If (2.6) and (2.8) were true, then we would have
E(F,(S(n), 4,)) xn¥°~ 2>
which gives, by (2.3), a =d/6+ 1/3, or by (2.2),
B(1S(n)|*) m nt*2)
which is the Flory prediction. For positive random variables X, E(X?)>
[E(X)7T?, so (2.7) allows us to prove rigorously

a<d/6+1/3

But determining the exact exponent is still an open question.

There is an open problem about simple random walks that is similar
to this. Let IT, be all the points of a random walk path of length # (i.e., do
not erase loops) and let

H,=F,(0,11,)

E(H,) is the probability that the paths of two independent random walks
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starting at 0 do not intersect. The asymptotic behavior of E(H,) for d=2, 3
is unknown, although it can be shown that

nil

, d

EH?)~ {n™ ' d

(logn)™!, d

(see Ref. 7 and references therein for a discussion of this problem). For

d=4 it can be shown that E(H2?)~ [E(H,)]* and hence that E(H,)~

(log n) =2 For S(n) in d=4, it was shown that E(I?)~ (logn) ! and it

was from analogy with this problem that the conjecture E(I,)~ (log n) =

was made, ie., that E(|S(n)|?) grows like n(log n)"*. For d=2, 3, it is not

clear whether one should expect E(H,)’x E(H?); in fact, for d=1,

E(H,)* % E(H?). Determining the exponent for E(I,) seems at least as

hard as finding the exponent for E(H,); however, if E(H,)*~E(H?), we
would expect that E(I,)’ ~ E(I).

i
LS O]

3. THE MAIN THEOREM

If AcZ? xeZ% and S(n) is simple random walk in Z% we define
F.(x, A)y=P,{S(j)¢ A, j=1,.,n}. Now, let S be simple random walk
starting at 0, and for fixed j, consider S(i), 0 <i<j. On this finite walk we
can erase loops, and get a self-avoiding walk of length no more than j,
starting at 0 and ending at S(j). We call the (random) set of points in this
walk A4,. If n> j, we let I,, be the indicator function of the event “the jth
point is not erased by time n,” or, more precisely, the event

{Stk)¢ A, k=j+1,.,n}
Clearly, for fixed j, the sets decrease with n. Also,
E(Ij,n) = E(anj(S(.])’ A/))

In Section 4 we will prove our main estimate that for d=2, 3, any ¢>0,

Y. E(l;5,) < o(n@+2/5+¢) (3.1)
j=0

Here we show how (3.1) gives our main result:

Theorem 3.1. If S(n) is loop-erased, self-avoiding random walk
and >0, then

lim n=*?**"°E(|S(n)|> )=, d=2 (3.2)
lim n=%*E(S(n)|*) =0, d=3 (3.3)

n— oo
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Proof. For d=3 we assume that $(n) has no cutoff; for d=2, let
&,=inf{j=1:S(j)€dR,}

and we will assume that S is cut off at £,, as described in Section 1 (and
hence is a slightly different process for each »). By (1.5), it is sufficient to
prove (3.2) for this cutoff walk. Fix n, S, and let

a,,(m) = sup{j: S(m)=S(j)}
and let 7, be the inverse of o, in the sense
w()=m if o,m<j<o,(m+1)
Then
S(n)=S(a,(n)) (34)

T,(0,(m))=m, all m (3.5)

() —t.(j—1)e{0,1}
The indicator function of the event {7,(j)—1,(j—1)=1} is exactly I, if

d=2or I, if d=3. Hence, for any k <n? by (3.1), for every ¢>0,

Ee (k)< ¥, E(le)+1

<) E(u)+1
j=0
= O(k(d+2)/6+e)
If we apply this to k=¥ “+2~¢ we see that for every ¢ >0
P{t,(3n¥ D=y > pnl =06(1), n-

From this and (3.5) we see for ¢ >0,

lim P{c,(n)<n®?+2 -1 =0 (3.6)

n— oo

We now use an estimate for simple random walk: for every >0, there
exists a ¢,>0 such that

P{IS(])IZ Snﬁ/(d+2)~2€ for some n6/(d+2)~s <_]< én}
<l—g, d=2
P{[S(j)IZSHG/(d+2)—2£ for some n%@+2)—¢ <j< OO}

<1l—g¢, d=3
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The result for d=3 is easy, using transience of the simple random walk
[one can estimate the probability by the expected number of j with
|S(j)|2<n¥“@+2~2] and in fact the probability goes to 0 as n— co. For
d=2, it is a little more delicate; we prove it in Lemma 5.4(b). These
estimates combined with (3.4) and (3.6) give the theorem.

4. THE ESTIMATE ON AMOUNT ERASED

Here we prove (3.1) using the ideas in Refs. 5 and 6. Our goal is to
estimate

Z E(Ij,Zn)
j=0
For any j, let
Pjam= [inf{k>ji I ,,=1}1—j

Then it is easy to see by telescoping that

Z Ij—1,2npj,2n<2’n-|-1 (41)

j=0

where /_,,,=1. The term p,,, can be thought of as the size of the loop at
time j. The results of Section6 of Ref. 5 state that the conditional
distribution of p;,, given {I, ,,,=1} and 4, is the size of a loop at S(})
conditioned not to enter the set 4\ {S(j)}.

Let us make a more precise statement of this. Let 4 =Z% 0¢ A4, and
let S(n) be simple random walk starting at 0. Let

A2 =sup{j<m: S(j)=0,Sk)¢ A, k=1,2,., j}

Then, conditioned on A4, and {/;_,,,=1}, p;,, has the same distribution
as 4] _ .+ 1, where

I;={y-8(j): yed, y#S3)}
We state a lemma for general A.

Lemma 4.1. For every £>0, there exists a ¢,>0 such that for
Ac 7% (d=2,3) with F,(0,A)=n"3 0¢ 4,

E(47) 2 c,n*~ P [F,(0, 4)]? (4.2)
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Before proving the lemma, let us show how this gives (3.1). If we let J,, be
the indicator function of {F,(S(j), 4;)>n">}, Lemma 4.1 gives

E(pj,2n|1jf 1,2n — 1> Jjn 1’ A_]) > Csnz_d/zkan(S(j)a Aj)2
and hence

E(ij 1,2an,npj,2n | Aj) 2 Cen2ﬁd/2_8Fn(S(j)a Aj)3 J,
and
E(Ij—— 1,2an,npj,2n) 2 C£n2—d/27€E(Fn(S(]')’ Aj)3 Jj,n)

We write F;, = F,(S(j), 4;). Then

n

Z j2n < Z E(E,n)
- o

n 1
<Y E(J;,F,)+0 <?>

j=0

" 1/3
<[(n+ H*y [E(Jj,nFj,n)]3] +0<%>

j=0

n 1/3 1
<[+ % B0 | +o ()

j=0

n

1 173 1
S| T B LB ) | 40

But by (4.1)

(I 12np]2n) <2n+1

IM:

Hence

n
Z ]2n <0 (d+2)/6+£/3)

which gives (3.1).

To prove Lemma 4.1, let ¢ >0 be given. It suffices to show the result
for n sufficiently large. By standard exponential estimates for the simple
random walk (see, e.g., VII, §4 of Ref. 12) there exists a 6 = d(g) > 0 such
that

P{|S(j)| > n'?**“for some 1 < j<n}

<O(e")=0(1/n*)
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Choose n sufficiently large so that the above probability is less than 1/(2r?).
Let

P x)=Po{S(j)=x, S(i)¢ 4,i=1,2,... j}

Then, if F,(0, A)>n">, we have

P x) 2 3F,(0, 4)

x| < V2 +e/d

But
pH(2,0)= Y p*(,x)
xez74
> Yy [0
1x| <n1/2+e/d
> K,n~P[F,(0,4)]°
Also
P{47=2j} > p*(2/,0) Po{S(j) #0, j=0, 1,.., n}
L [K3p*(2),0) d=3
~ |Ky(logn)~' p*(2/,0), d=2
Therefore,

n/2
E(47)= ), P{47=2}(2)

ji=0

0(”27d/276), d=
=
O(n*~ 2 *(logn) '), d

Since ¢ > 0 was arbitrary, we get (4.2).

5. RANDOM WALK IN TWO DIMENSIONS

Throughout this section S(n) denotes a simple random walk in Z% Let
x=(x,,x,)eZ? and

Po{S(2n)=x}, X+ x, even
p(n, x)= _
Po{S@n+1)=x},  x,+x,0dd

The asymptotic behavior of p(n, x) is well understood. We summarize in
Lemma 5.1 the facts we will need; all of these facts can be derived from the
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local central limit theorem (see Chapter 7 of Ref. 14) and hence we omit the
proof. Throughout this section we will use O(-) and o(-) notation. We set
the following conventions: the error terms describe behavior as n— o0;
they are uniform over all w, x, y, ze Z? and A = Z?%; they may depend on
exponents (denoted by a, f, 7, J, ¢) and the constant K.

Lemma 5.1. Forevery o, ,¢>0, K>0:

(@) p(n, 0)=(1/nn){1+O(1/n)].
(b) For all » and x, p(n, x) < p(n, 0).
(c) For |x| <Kn* and m=n>"*¢,

plm, x)=p(m, 0)[1+o(1)]

(d) There 5exists 8=26(B, ¢)>0 such that if |x|=>n+92 p(n, x)=
O(e ).

For any a >0, let
R,=R,,={(z,,2,)eZ? |z,| <n"}
and
OR,={ze R, y¢ R, forsome|y—z|=1}

For x, ye Z?, m, <m,, let

V(m,m)=Y I{S()=y)

J=m

(here I denotes indicator function) and

g6, yomy, mp)= E(V(my, mp)= 3. PS() =y}

J=m
Lemma 5.2. Forany a<f<y, K>0:

(a) If |x|>nf and yeR,,
1
gx, 7, 0, Kn*) <— (y—f)(log )[ 1 + o(1)]
(b) If x, ye R,, then

85 3,0, Kn*) >~ (y—a)(log mI1 + 0(1)]
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Proof. Let ¢>0. Then, using Lemma 5.1,

(a) Zg(xa Vs 05 n27)< z P(J’X“J’)

0< j< Kn¥

<= 2p(e ") 4 y p(j,0)

(1/2)n2-2 < j< Kn?

2
=o(1)+— (logn)(y — f +2)[1+0(1)]

(b)  2g(x, 5,0, Kn*)> ) p(, 0)[1+oa(1)]

n22 e < f< (1/2)n2
2
== (logm)(y = —&)[1 +0(1)]

Since ¢ >0 is arbitrary, we get the result.

Lemma 5.3. Forany O<a<f<y, K>0,if x¢ Ry,

PAS())¢R,, j=1,. ,any}>ﬁ S [1toe()]

Proof. Consider
W= Z V.0, 2KN?)

Y€Ry

By Lemma 5.2(a)
1
E(W)<|R.| — (v = B)log m)[1 +0(1)]

where |-| denotes cardinality. Let n=inf{j>1: S(j)e R,}. Then Lem-
ma 5.2(b) combined with a standard Markov argument gives

1
E(W|n<KN")>|R,| ~ (7 —a)(log m)[1 +o(1)]
Since
E(W)z E(W|n<KN*) P{n <KN*}

we get

P{n < KN?) <; 5 [1+0(1)]
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Lemma 5.4. Let 0<a<f<y<oo and E=inf{;j>1: S(j)edR,}.
(@) If x¢R,,

PISUN# Revj= 1w €} 2222 114 0(1)]

(b)
. s 28 B—CX
PO{|S(1)|¢sza]:n 576}2’})—;—&[1—{"0(1)]

Proof. (a) Let ¢>0. By the central limit theorem we can find K,
such that

P {IS(K.n?) ¢ R,} = (1—e)[1+0(1)]
But

PAS())¢ R, j=1.., ¢}
=P {S()¢ Ry, j=1,.., K;n¥, S(K,n*) ¢ R, }

(B2 v

Y —a

(b) Let £>0. By the central limit theorem, P{|S(n*)| <n”~¢} goes
to zero. Hence we can apply part (a).
If Ac Z?, |A] < o, let

T,=inf{j>1:S(j)e 4}

Let A= {y¢ A: there exists a path from y to oo avoiding 4}. By Ref. 4, if
x, ye A,

. Pt,>M}
| A N
MI—I>noo Py{TA>M}

exists. We will need a slightly stronger version of this result, which gives a
rate of convergence.

Lemma 5.5. Let AcR,, x,yeR,nA Then, if ¢{=inf{j>1:
S(j)e OR,},

. PAt>M} P ft,>¢} (__1_)}
A}l—l.noo Pit,>M} Pfr,>¢} [1+0 132
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Proof. For fixed n, it is routine to prove

lim P {t,>2M|t,>M}=1

M- w
and hence P, {t,>2M}~ P {1,> M}. Similarly, one can show
P
lim Ara>M} lim Pt >M+¢}
Moo Pt > M} oo P{T>M+E)

:Px{rA>§} lim Pit,>M+¢E|t, >E}
Pt >Et Mmoo P, >M+E|1,>¢)

In Lemma 5.8 we show that for ze dR;,
PASO=zl> b =P 5@ =zl > 8 [ 110 () | )
which implies, for every M >0,
Pufeg> M+Ele> =Py le> M e, > 8 140 () |

This gives the result. (We have assumed the result of Ref. 4, ie., that the
limit exists. A little more work could be done to prove this independently.)

The key remaining step is (5.1), which intuitively states that a random
walk, by the time it hits dR;, has forgotten its starting point. The uncon-
ditioned hitting distribution was discussed in Lemma 4.4(a) of Ref. 8 using
a result in Ref. 1. We state this as a lemma:

Lemma 5.6. If xeR,, then for zedR,,
P.{S()=z}=Po{S(¢)=2}[1+0(n* )]
We emphasize here that the O(-) is independent of xe R, and ze 0R;.
Lemma 5.7. If A< R, and x€ R;,\ Ry;3, then for z€ R,
P {S@E)=z¢<t,}=P{S()=z}[1+0(n )]
Proof. By Lemma 5.4(a)

P{f<‘l¢A}>%[1+0(1)] (5.2)
But,
PS(&)=z}=P.{S()=z|{>1,} P{¢{>1,)
+ P {S(¢)=zlé<t,} P{l<t,}) (5.3)
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By Lemma 5.6, for ye R;,,
P{S()=z}=Po{S(¢)=2z}[1+0(n™*?)]
Since 4 = R;),, an easy Markov argument gives
P ASE)=z1¢E> 1,4} =Po{S(&)=z}[1+0(n™*?)]
=P {S({)=z}[1+0(n )]
Using this with (5.2) and (5.3) gives the result.

Lemma.5.8. With the assumptions of Lemma 5.5
1
P{S()=z|t,> ¢} =Py{S(é):z]rA>§} [1 +0 (;T/i):l (5.4)

Proof. Let n=inf{j>1:S(j)€dRs,}, ¢ =1, A&, =1, Ay Then
for ze OR,,

PAS(@)=z}= ) P AS())=w}P,{S(p)=2z}

wedRipn

By Lemma 5.7, for we 0R;),,

PAS(9) =2} = Po(S(0) =2} Pufra> 8} | 140 (3|
Also,

Pt >¢t= Y PASW)=w}P,{r,>¢}

we dR3p

Hence

P{S(@)=z} =P {1,>&} Po{S(&)=z}[1+ 0]

A similar expression holds for y, and hence we have (5.1).

Finally, we note that from Lemma 5.5 we get (1.5). Using (1.4) and
(1.6), we see at each step the two transition probabilities agree up to order
O(1/n*?). Hence, for any n-step w,

p >
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